Let A be a dual Banach algebra with predual A * and consider the following assertions: (A) A is Connes-amenable; (B) A has a normal, virtual diagonal; A * is an injective A-bimodule. For general A, all that is known is that (B) implies (C) whereas, for von Neumann algebras, (A), (B), and (C) are equivalent. We show that (C) always implies (B) whereas the converse is false. Furthermore, we investigate Connes-amenability and the existence of normal, virtual diagonals for A = WAP(G) * and A = B(G), where G is a locally compact group. We give descriptions of these properties in terms of G.
In [Run 1], the author extended the notion of Connes-amenability to more general, so-called dual Banach algebras (a Banach algebra is called dual if it is a dual Banach space such that multiplication is separately w * -continuous). Examples of dual Banach algebras (besides von Neumann algebras) are, for example, the measure algebras M (G) of locally compact groups G. In [Run 4], the author proved that a locally compact group G is amenable if and only if M (G) is Connes-amenable -thus showing that the notion of Connes-amenability is of interest also outside the framework of von Neumann algebras.
In [Eff] , E. G. Effros shows that a von Neumann algebra is Connes-amenable if and only if it has a so-called normal, virtual diagonal. Like Connes-amenability, the notion of a normal, virtual diagonal adapts naturally to the context of general dual Banach algebras. It is not hard to see that a dual Banach algebra with a normal, virtual diagonal is Connes-amenable (the argument from the von Neumann algebra case carries over almost verbatim; see [C-G] ).
Let A be a dual Banach algebra with (not necessarily unique) predual A * ; it is easy to see that A * is a closed submodule of A * . Consider the following three statements:
(A) A is Connes-amenable.
(B) A has a normal, virtual diagonal.
(C) A * is an injective A-bimodule in the sense of [Hel 1].
If A is a von Neumann algebra, then (A), (B), and (C) are equivalent (the equivalence of (A) and (B) was mentioned before; that they are equivalent to (C) is proved in [Hel 2]). If
A = M (G) for a locally compact group G, then (A) and (B) are also equivalent ([Run 4]).
For a general dual Banach algebra A, we know that (B) implies (A), but nothing else seems to be known about the relations between (A), (B), and (C).
As we shall see in the present paper, (C) always implies (B) -and thus (A) -whereas the converse need not hold in general: this answers a question by A. Ya. Helemskiȋ ([Run 2, Problem 24]) in the negative. The counterexaple is the measure algebra M (G) for some infinite, amenable, locally compact group G; the proof relies on recent work by H. G.
Dales and M. Polyakov ([D-P]).
Furthermore, we consider the dual Banach algebras WAP(G) * and B(G), where G is a locally compact group. We give intrinsic characterizations for A to satisfy (A) -and equivalently (B) -in terms of G.
The question of whether (A) and (B) are equivalent for general A remains open.
Preliminaries
We start with the definition of a dual Banach module: Definition 1.1 Let A be a Banach algebra. A Banach A-bimodule is called dual if it is the dual of some Banach space E * such that, for each a ∈ A, the maps
Remarks
1. This definition is not the usual one of a dual Banach module (as given in [Run 2], for example), but is easily seen to be equivalent to it.
2. The predual space E * in Definition 1.1 need not be unique. Nevertheless, E * will always be clear from the context, so that we can speak of the w * -topology on E without ambiguity.
Let A be a Banach algebra, and let E be a Banach A-bimodule. A derivation from A to E is a bounded, linear map D : A → E satisfying 2. The measure algebra M (G) of a locally compact group G is a dual Banach algebra (with predual C 0 (G)).
3. If E is a reflexive Banach space, then B(E) is a dual Banach algebra (with predual E⊗E * , where⊗ denotes the projective tensor product of Banach spaces).
4. The bidual of every Arens regular Banach algebra is a dual Banach algebra.
We shall now introduce a variant of Definition 1.2 for dual Banach algebras that takes the dual space structure into account: Definition 1.4 Let A be a dual Banach algebra, and let E be a dual Banach A-bimodule. An element x ∈ E is called normal if the maps
are w * -continuous. The set of all normal elements in E is denoted by E σ . We say that E is normal if E = E σ .
Remark It is easy to see that, for any dual Banach A-bimodule E, the set E σ is a norm closed submodule of E. Generally, however, there is no need for E σ to be w * -closed. Let A be a Banach algebra. Then A⊗A is a Banach A-bimodule via
so that the multiplication map
The following definition is also due to B. E. Johnson ([Joh 2]):
In [Joh 2], Johnson showed that a Banach algebra A is amenable if and only if it has a virtual diagonal. This allows to introduce a quantified notion of amenability: Definition 1.7 A Banach algebra A is called C-amenable for some C ≥ 1 if it has a virtual diagonal of norm at most C. The infimum over all C ≥ 1 such that A is Camenable is called the amenability constant of A.
Remark It follows from the Alaoglu-Bourbaki theorem, that the infimum in the definition of the amenability constant is attained, i.e. is a minimum. Definition 1.6 has a variant that is better suited for dual Banach algebras. Let A be a dual Banach algebra with predual A * , and let B 2 σ (A, C) denote the bounded, bilinear functionals on A×A which are separately w * -continuous. Since ∆ * maps A * into B 2 σ (A, C), it follows that ∆ * * drops to an A-bimodule homomorphism ∆ σ : B 2 σ (A, C) * → A. We define:

Every dual Banach algebra with a normal, virtual diagonal is Connesamenable ([C-G]).
A von Neumann algebra is Connes-amenable if and only if it has a normal, virtual diagonal ([Eff]).
3. The same is true for the measure algebras of locally compact groups ([Run 4]).
In [Run 1], we introduced a stronger variant of Definition 1.5 -called "strong Connesamenability" -and showed that the existence of a normal, virtual diagonal for a dual Banach algebra was equivalent to it being strongly Connes-amenable ([Run 1, Theorem 4.7]). The following proposition, observed by the late B. E. Johnson, shows that strong Connes-amenability is even stronger than it seems: Proposition 1.9 The following are equivalent for a dual Banach algebra A: 
holds.
⊓ ⊔
The notion of injective for Banach modules is crucial in the development of topological homology, i.e. homological algebra with functional analytic overtones (see [Hel 1]).
Let A be a Banach algebra, and let E be a Banach space. Then B(A, E) becomes a left Banach A-bimodule by letting
If E is also a left Banach A-module, there is a canonical module homomorphism ι : E → B(A, E), namely
For the definition of injective, left Banach modules denote, for any Banach algebra A, by A # the unconditional unitization, i.e. we adjoin an identity to A no matter if A already has one or not. Clearly, if E is a left Banach A-module, the module operation extends canonically to A # . Definition 1.10 Let A be a Banach algebra. A left Banach A-module E is called injective if ι : E → B(A # , E) has a bounded left inverse which is also a left A-module homomorphism.
There are various equivalent conditions characterizing injectivity (see, e.g., [Run 2, Proposition 5.2.5]). The following is [D-P, Proposition 1.7]: Lemma 1.11 Let A be a Banach algebra, and let E be a faithful left Banach A-module, i.e. if x ∈ E is such that a·x = 0 for all a ∈ A, then x = 0. Then E is injective if and only if ι : E → B(A, E) has a bounded left inverse which is also an A-module homomorphism. Definition 1.10 and Lemma 1.11 can be adapted to the context of right modules and bimodules in a straightforward way.
Injectivity of the predual
Our first result is true for all dual Banach algebras: Proposition 2.1 Let A be a dual Banach algebra with identity such that its predual bimodule A * is injective. Then A has a normal, virtual diagonal.
Proof Consider the short exact sequence
Define P : B 2 σ (A, C) → A * by letting
where e A denotes the identity of A. Then it is routinely checked that P is a bounded left inverse of ∆ * | A * . Hence, (1) is admissible ([Run 2, Definition 2.3.12]). Since A * is an injective A-bimodule, there is a bounded A-bimodule homomorphism ρ : B 2 σ (A, C) → A * which is a left inverse of ∆ * | A * ([Run 2, Proposition 5.3.5]). It is routinely checked that ρ * (e A ) is a normal, virtual diagonal for A.
⊓ ⊔
As we shall soon see, the converse of Proposition 2.1 is, in general, false. Nevertheless, for certain A, the injectivity of A * is indeed equivalent to the existence of a normal virtual diagonal for A (and even to its Connes-amenability).
We first require a lemma:
Lemma 2.2 Let A be a Banach algebra with identity, let I be a closed ideal of A, and let E be a unital Banach A-bimodule such that:
(a) E is injective as a Banach I-bimodule.
(b) E is faithful both as a left and a right Banach I-module.
Then E is injective as a Banach A-bimodule.
Proof Turn B(A⊗A, E) into a Banach A-bimodule, by letting
Define ι : E → B(A⊗A, E) by letting
Since A has an identity and E is unital, it is sufficient by (the bimodule analogue of) Lemma 1.11 to show that ι has a bounded left inverse which is an A-bimodule homomorphism. By (a), ι has a bounded left inverse ρ which is an I-bimodule homomorphism. We claim that ρ is already an A-bimodule homomorphism. To see this, let a ∈ A, T ∈ B(A⊗A, E), and b ∈ I. Since I is an ideal of A, we obtain that
Since b ∈ I was arbitrary, and since E is a faithful left Banach I-module by (b), we obtain ρ(a · T ) = a · ρ(T ); since a ∈ A and T ∈ B(A⊗A, E) were arbitrary, ρ is therefore a left A-module homomorphism.
Analoguously, one shows that ρ is a right A-module homomorphism. ⊓ ⊔ 
(ii) A * is an injective Banach A * * -bimodule.
(iii) A * * has a normal, virtual diagonal.
(iv) A * * is Connes-amenable.
Proof (i) =⇒ (ii):
We wish to apply Lemma 2.2. Since A is amenable, it has a bounded approximate identity. The Arens regularity of A yields that A * * has an identity and that 
(ii) N (E * ), the space of nuclear operators on E * , is an injective Banach B(E)-bimodule.
(iii) B(E) has a normal, virtual diagonal. (iv) B(E) is Connes-amenable.
In view of the situation for von Neumann algebras, one might be tempted by Theorem 2.3 to jump to the conclusion that, for a dual Banach algebra A with predual A * , the injectivity of A * is equivalent to A being Connes-amenable or having a normal, virtual diagonal.
Our next theorem reveals that this is not the case: this gives a negative answer to a question posed by A. Ya. Helemskiȋ ([Run 2, Problem 24]). Since 
Lemma 2.5 Let G be a locally compact group, and suppose that
C 0 (G) is injective as a left Banach M (G)-module. Then C 0 (G) is also injective as a left Banach L 1 (G)-module. Proof For B = M (G) or B = L 1 (G), turn B(B, C 0 (G)) into a left Banach M (G)-C 0 (G) is a unital left M (G)-module, it is immediate that the homomorphism ι M (G) : C 0 (G) → B(M (G), C 0 (G)) of left modules, has a linear, bounded left inverse. Since C 0 (G) is injective as a left Banach M (G)-module, ι M (G) has a left inverse ρ which is a bounded homomorphism of left M (G)-modules. Let T ∈ B(M (G), C 0 (G)) be such that T | L 1 (G) = 0. Since L 1 (G) is an ideal in M (G), it follows from the definition of the module action on B(M (G), C 0 (G)), that f · T = 0 for all f ∈ L 1 (G) and therefore f · ρ(T ) = ρ(f · T ) = 0 for all f ∈ L 1 (G). Since C 0 (G) is a faithful left L 1 (G)-module, this means that ρ(T ) = 0. Since L 1 (G) is complemented in M (G), it follows that ρ : B(M (G), C 0 (G)) → C 0 (G) drops to bounded homomorphism of left M (G)-modulesρ : B(L 1 (G), C 0 (G)) → C 0 (G),
Dual Banach algebras arising in abstract harmonic analysis
There are various Banach algebras associated with a locally compact group G, some of which are dual Banach algebras. In view of [Run 3], [Run 4], and Theorem 2.6, we have a complete picture for M (G) of how Connes-amenability, existence of a normal, virtual diagonal, and injectivity of C 0 (G) can be characterized in terms of the underlying group. In this section, we discuss other dual Banach algebras over locally compact groups. We first record a general hereditary lemma whose verification is routine:
Lemma 3.1 Let A be a dual Banach algebra which has a normal, virtual diagonal M, and let I be a w * -closed ideal of A. Then A/I is a dual Banach algebra with a normal, virtual diagonal whose norm is at most M .
By a semitopological semigroup, we mean a semigroup equipped with a Hausdorff topology such that the semigroup operation is separately continuous. If S is a locally compact, semitopological semigroup, the measure space M (S) becomes a dual Banach algebra through convolution as in the group case:
The following holds for compact semigroups:
Proposition 3.2 Let S be a compact, semitopological semigroup with identity such that M (S) is Connes-amenable. Then M (S) has a normal, virtual diagonal.
Proof The proof of the corresponding statement for compact groups ([Run 3, Proposition 3.3]) carries over almost verbatim. ⊓ ⊔ Let G be a locally compact group, and let C b (G) denote the bounded continuous functions on G. A function f ∈ C b (G) is called weakly almost periodic if its orbit {L x f : x ∈ G} is relatively weakly compact in C b (G) (here, L x f stands for the left translate of f by x). The space of all weakly almost periodic functions on G is denoted by WAP(G). It is well known that WAP(G) is a C * -subalgebra of C b (G) containing C 0 (G). Let wG denote the the character space of WAP(G), the weakly almost periodic compactification of G; the group multiplication of G extends to wG, turning it into a compact, semitopological semigroup. Consequently, WAP(G) * ∼ = M (wG) is a dual Banach algebra in a canonical way.
For further information on weakly almost periodic functions, we refer to [Bur] .
Theorem 3.3 The following are equivalent for a locally compact group G:
(ii) WAP(G) * is Connes-amenable.
(iii) WAP(G) * has a normal, virtual diagonal.
Proof ( The Fourier-Stieltjes algebra B(G) of a locally compact group G was introduced by P. Eymard in [Eym] along with the Fourier algebra A(G). We refer to [Eym] for further information on these algebras. It is straightforward to see that B(G) is a dual Banach algebra -with predual C * (G) -for any locally compact group G whereas A(G) need not even be a dual space (unless G is compact, of course).
We begin with an easy lemma:
Lemma 3.4 Let G be a locally compact group with an abelian subgroup of finite index. Then B(G) has a normal, virtual diagonal.
Proof Let H be a an abelian subgroup of G such that n := [G : H] < ∞. Replacing H by its closure, we may suppose that H is closed and thus open. Consequently, the restriction map from B(G) onto B(H) is surjective so that
whereĤ is the dual group of H. By [Run 4], M (Ĥ) has a normal, virtual diagonal. It is easy to see that therefore M (Ĥ) n ∼ = B(G) must have a normal, virtual diagonal as well.
⊓ ⊔
For groups of a particular type, we can prove that the sufficient condition of Lemma 3.4 for B(G) to have a normal, virtual diagonal is also necessary:
Proposition 3.5 Let (G α ) α be a family of finite groups. Then the following are equivalent for G := α G α .
(i) B(G) has a normal, virtual diagonal.
(ii) A(G) is amenable.
(iii) All but finitely many of the groups G α are abelian.
Proof (i) =⇒ (iii): Suppose that B(G) has a normal, virtual diagonal, say M, and assume that (ii) is not satisfied. Let (G αn ) ∞ n=1 be a subfamily of (G α ) α , such that G αn is not abelian for each n ∈ N. For n ∈ N, define
Since, for each n ∈ N, the group H n is an open subgroup of G, the restriction map from B(G) to B(H n ) is a w * -continuous quotient map. From Lemma 3.1, we thus conclude that, for each n ∈ N, the algebra B(H n ) has a normal, virtual diagonal of norm at most M . Since H n is a finite group for each n ∈ N, the algebra B(H n ) equals A(H n ) and is finite-dimensioal. Hence, A(H n ) is M -amenable for each n ∈ N. By [Joh 3, Corollary 4.2 and Proposition 4.3], however, the amenability constant of A(H n ) is at least (ii) =⇒ (iii): If A(G) is amenable, it has a virtual diagonal by [Joh 2]. Since G is compact, A(G) = B(G) holds, so that B(G) has a normal, virtual diagonal.
⊓ ⊔
The groups in Proposition 3.5 are compact. For discrete, amenable groups, an analogous (and even stronger) result holds: Theorem 3.6 The following are equivalent for an amenable, discrete group G:
(ii) B(G) is Connes-amenable. The reduced Fourier-Stieltjes algebra B r (G) of a locally compact group G, was also introduced in [Eym] . It is the dual of the reduced group C * -algebra C * r (G) and is an ideal in B(G).
As 
